The need to increase data transfer rates constitutes a key challenge in modern information-driven societies. Taking advantage of the transverse spatial modes of light to encode more information is a promising avenue for both classical and quantum photonics. However, to ease access to the encoded information, it is essential to be able to sort spatial modes into different output channels. Here, we introduce a novel way to customize the sorting of arbitrary spatial light modes. Our method relies on the high degree of control over random scattering processes by preshaping of the phase structure of the incident light. We demonstrate experimentally that various sets of modes, irrespective of their specific modal structure, can be transformed to any output channel arrangement. Thus, our method enables full access to all of the information encoded in the transverse structure of the field, for example, azimuthal and radial modes. We also demonstrate that coherence is retained in this complex mode transformation, which opens up applications in quantum and classical information science.
Transverse spatial light modes have attracted a much attention because of their special properties and the subsequent broad range of applications [1, 2] . One particularly promising approach uses spatial modes of light to increase data rates in optical communication schemes. By not only harnessing the polarization or frequency of light but also the transverse spatial degree of freedom, a dramatic improvement in the multiplexing of information can be achieved [3, 4] . In quantum physics spatial light modes are successfully utilized as laboratory realizations of high-dimensional quantum states [5, 6] , which are advantageous for quantum secure communication schemes [7] , quantum simulation tasks [8] and foundational investigations [9] . However, to fully take advantage of the potential that spatial light modes offer, technologies to manipulate and measure them are essential. Although mature technologies to generate complex spatial modes are available today [10] , complex transformations of such modes are still rare and challenging to implement [11] [12] [13] . The transformation from a given spatial mode to a specific position in a transverse plane, that is, mode sorting or demultiplexing, is an especially interesting transformation in quantum [7, 14, 15] and classical information schemes [4, 16] . A specific example, namely a sorter for modes that differ by their azimuthal structure, has recently been established [17, 18] and successfully implemented [4, 7, 14, 15] .
Here we show that sorting of this type can be implemented through the control of strong scattering processes, a topic that has recently attracted much attention [19] . Such control can allow one to realize complex modulation tasks that have thus far been impossible. Earlier experiments presage the enormous potential that the control over random scattering processes can offer, by e.g. showing enhanced transmission and focusing through opaque, scattering media in the spatial [20] [21] [22] and temporal domains [23] . More importantly, it was also demonstrated that controlled scattering can be used to realize a programmable beam splitter [24] or to investigate complex quantum walks [25] .
The custom-tailored sorting scheme
In our experimental setup (shown in Fig. 1 ) we first generate spatial light modes by diffracting a laser beam of a computer-generated hologram displayed on a phaseonly spatial light modulator (SLM). With this technique, we can imprint any desired phase structure onto beams in the first diffraction order and thus can prepare the desired light modes and their superpositions [10] . When the FIG. 1. Sketch of the experimental setup for custom-tailored spatial mode sorting. Spatial light modes are generated by modulating the transverse spatial structure of a laser beam by means of a spatial light modulator (SLM). The laser light is then redirected onto a control-SLM and focused into a strongly scattering medium (TiO2 powder). The appropriate phase modulation structure of the control-SLM (inset left side, gray value stands for phase modulation depth up to 2π) is found by use of a genetic algorithm and the feedback signal from a CMOS camera. For more details see main text. beams have a radial profile (see examples in Fig. 5a ), we additionally modify the radial structure the amplitude of the beam by appropriate shaping of the grating efficiency [26] . After generating the modes we send them onto another SLM, the control-SLM, which modulates only the phase and thereby controls the scattering process. We then image the plane of the control-SLM onto the input aperture of a microscope objective (60x), which focuses the light into the scattering sample. The scatterer consists of a layer of TiO 2 powder of 11.3 ± 0.9 µm thickness leading to multiple scattering processes (estimated mean free path on the order of 0.5 µm -1 µm [27] ), which causes strong coupling between the different input channels and thus complex modulations. The scattered light is collected by a second microscope objective (20x) and recorded by a CMOS camera. Following earlier experiments [19] [20] [21] [22] [23] [24] [25] , we use a feedback signal, in our case the recorded image, and a genetic algorithm [28] to optimize the modulation of the control-SLM for the best sorting of the input light modes.
An experimental optimization run contains the following steps: We first generate 30 different random patterns (population), each consisting of 60x60 squares which in turn are built of 10x10 pixels (see example in Fig. 1 inset on the left). Each square modulates the phase between 0 and 2π individually in the course of the optimization process. Moreover, a blazed grating with a grating period of 15 pixels is overlaid over the whole phase modulation such that only the controllable first diffraction order is focused onto the scatterer. We then display all patterns on the SLM to evaluate their sorting abilities (fitness). The evaluation of each fitness is done by sending all modes sequentially through the sorter, i.e. the combination of control-SLM displaying the pattern and the scatterer, and recording the scattered intensities at all pre-defined sorting locations (each approx. 21 µm x 21 µm or 4x4 pixels in size) with the camera. The algorithm then calculates the fitness for the control pattern as the sum over all intensities found at the different locations to which the modes should be sorted. Additionally, it subtracts the undesirable overlap to the other sorting channels, i.e. intensities found at the sorting locations for the other modes. With this subtraction we optimize not only for maximal sorting efficiency but also for minimal overlap between the sorted modes. After this initial evaluation the algorithm optimizes autonomously for best sorting in a typical genetic-algorithm manner, i.e. by combining the best patterns, adding slight mutations, evaluating the fitness, and replacing the patterns if the newly generated ones are superior. In general, we find that after approximately 5000 iterations the sorting ability saturates leading to an optimal sorting. However, whenever 5 or more modes are sorted up to 15000 iterations were required. The speed of this optimization was mainly limited by the refresh rate of the SLMs (max. 50 Hz) and the read out of the camera. The latter re- The color depicts their phase structure while the brightness shows the intensity distribution. Lower part: Experimentally recorded intensities after transmission of either mode through the setup. We find OAM modes with +1h and -1h of OAM to be sent to the two predefined output channels A and B, respectively (false color recording). Inset: Cross-talk matrix of the sorter from which a sorting ability of 97.7±0.6% can be deduced. b) Coherence test of the mode-sorting process. If equally weighted superpositions are sent through the sorter, both output channels A and B show equal intensities for different phases ϕ. After propagation to the far field, an interference pattern (∼88% visibility) is found, which shifts laterally depending on the input phases of the OAM superpositions.
quired an averaging over many snapshots to compensate for an intensity beating induced by the flickering of two sequentially used SLMs.
Sorting of modes with different azimuthal structure
As a first example, we generate and sort up to 7 orthogonal modes each having a specific helical phase front e ilφ , with φ being the angle and l an integer value between -3 and 3 describing the orbital angular momentum (OAM) quantum number [5] . To quantify the achieved sorting we evaluate the sorting probability P n for each mode out of the set of m different modes: P n =
In
ΣmIm . Here I n stands for the intensity at the n th sorting positions, which is measured as the sum over all intensities found in the target region in the recorded camera image . FIG. 3 . Sorting of up to seven OAM modes carrying up to ±3 quanta of OAM. The sorter can be programmed to sort 3, 5 and 7 neighbouring and 4 randomly chosen OAM modes. All measurements demonstrate very good sorting abilities of 94±1%, 85±3%, 72±4% and 90±3%, respectively, which is nicely visualized by the high probabilities along the diagonal axis of the cross-talk matrices.
We define the average over all sorting probabilities as the sorting ability, which is used to quantify the sorting process. We start by sorting only two modes (±1 OAM), and we obtain a sorting ability of 97.7±0.6% into the predefined output channels after 5000 iterations, i.e. 20 minutes of optimization time, (see Fig. 2a ). We then test the coherence of the process by sending equally weighted coherent superpositions of the two modes through the sorter. Irrespective of the phase between the two superimposed modes, we find equal intensities in the two output channels, (see Fig. 2b ). To investigate if the phases are conserved, we place two pinholes at the output channel locations and interfere the sorted light with the help of a lens placed behind the pinholes. The resulting interference pattern in the focal plane, i.e. far-field, shows a visibility of approximately 88%. The slight deviations from a perfect visibility stem from residual stray light and imperfect mode sorting. More importantly, a change of the phase between the two OAM modes before sorting, which gives rise to a different rotation angle of the superposition structure, leads to a clear shift of the interference fringes (see Fig. 2b ). Thus the process preserves coherence among the sorted modes, an essential feature for quantum or classical information processing.
Moreover, we investigated the ability to sort a greater number of modes and to analyze the stability of our device. We are able to sort the three, five, and seven lowest-order OAM modes as well as 4 randomly chosen modes with a 2 sorting ability of 94±1%, 85±3%, 72±4% and 90±3%, respectively (see Fig. 3 ). Note that the decreased sorting ability for a larger number of modes originates from the increased number of output channels, which all have a small but non-zero overlap to the other modes. If the sorting ability of only two modes out of the seven modes is evaluated, we find similar results as before of around 95% sorting ability. Additionally, sorting a larger number of modes requires a larger optimization time of around 45 min, 90 min, 240 min and 60 min, respectively. To investigate the long-time stability of this sorting scheme, we measure the sorting ability for 5 modes over the course of 24 hours without re-optimization, and we find a small decrease from 85% to 84%. This result demonstrates the very high stability of our scheme. It also opens the possibility to implement different sorting configurations (for different modes or different output channel geometries, see below) in one setup between which one can switch in real-time with the speed of the refresh rate of the control-SLM.
Flexibility of output channel geometry
In a second series of measurements, we test the flexibility of the output channel geometry, that is, the distance between output channels and their arrangement. We start again by sorting two modes (±1 OAM) and optimize for different distances between the sorting locations (see Fig. 4a ). With almost the same sorting ability (around 97% -98%) we can change the distance of the output ports from 88 µm up to 2.8 mm. The minimum distance is limited by the achievable spot size after scattering and the technical limitation of the feedback, that is, the pixel size of the camera, while the collection aperture of the second microscope objective restricts the maximum distance between the spots. We then test different output channel arrangements for three modes (0h,
FIG. 4. Demonstration of sorting to different output-channel arrangements. (a)
The distance between the two output locations A and B can be adjusted from 88 µm to 2.8 mm without a detectable reduction of sorting ability (97% -98%). Note that the four results were recorded in separate runs but are embedded in one image here to illustrate the distances graphically. b) The arrangement of the output channels can be arbitrarily chosen with similar sorting abilities of approximately 93%. Examples of vertical, triangular, and cornershape sorting of three modes are shown. c) Different input modes can be sorted to the same output position, e.g. -2 and 0 to A, -1 and +1 to B, with no reduction on the sorting ability (see cross-talk matrix). Color coding of modes as in Fig.  2a. ±1h OAM). All tested arrangements, vertical, triangular and corner-shape geometries (see Fig. 4b ), show similar sorting abilities (around 93%), thus the sorter can be adjusted to any specific experimental requirements. Interestingly, different modes can even be sorted into the same location (see Fig. 4c ). Although outside the scope of this demonstration, it will be interesting to investigate whether this sorting scheme requires scattering losses that lead to a reduced overall efficiency. In our case only up to 1% of the input intensity was sorted into the desired output channels. The use of multimode fibers, which have also been used to achieve complex scattering [25] , should reduce the losses substantially, however, with a possible expense of losing stability.
Sorting of radial modes and Hermite Gauss modes
So far we sorted different twisted light modes, that is, modes that differ by their azimuthal phase structure, for which, as mentioned earlier, a highly efficient sorter already exists [17, 18] . However, our technique is not limited to modes with different azimuthal phases but works for all orthogonal spatial modes of light. To demonstrate this feature, we investigate modes that have no helical phase dependence and differ only by their radial structure (radial π-phase steps), i.e. radial modes. Together with the azimuthal degree of freedom, they complete the Laguerre-Gauss (LG) mode basis, which is a preferred mode set in a system with cylindrical symmetry [29, 30] . To generate the three lowest-order radial modes, we use an amplitude-and phase-modulation technique [26] before sending them through the scatterer. Similarly as b) The four lowest-order Hermite-Gauss (HG) modes are sorted with a sorting ability of 85±3%. Color coding for all modes as in Fig. 2a. before, the genetic algorithm is capable of determining a phase pattern for the control-SLM that leads to high sorting ability of 92±2% (see Fig. 5a ). Thus, we show that our technique is capable of decomposing light fields into a complete set of modes, e.g., its LG modes. As a last test, we generate and sort four modes of a different mode family and symmetry: Hermite-Gauss modes, which differ by vertical or horizontal p-phase steps (see Fig. 5b ). The sorting ability of 85±3% is comparable to the results for four twisted-light modes and demonstrates that not only LG modes but also different mode families can be sorted.
In summary, we have shown that it is possible to realize custom-tailored mode sorting by means of manipulating strong scattering processes by placing an appropriate phase structure onto the input light field. We used the high degree of control over strongly scattering media to custom-tailor the sorting process with respect to the number and type of input spatial light modes as well as to the output channel arrangement. Our results might be beneficially applied in the various different fields of classical and quantum optics using structured light [1, 2] . By having access to information encoded in the radial and azimuthal degrees of freedom, the full potential of transverse light modes to increase data rates can be exploited [3, 4, 29, 30] . The demonstrated coherence also paves the path to applications in quantum information science, where photons residing in a high-dimensional state space might also benefit from such transformations. For such applications, it will be important to increase the overall efficiency of the process, e.g. by using multi-mode fibers as complex scattering media [25] . Other fascinating open questions are the relation among transformation abilities, precision of the control, and influence of losses. 
